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Abstract
There are two main theorems stated in the introduction section. Theorem A gives upper bounds on the
sizes of graphs that are 2-cell embedded in a surface of nonnegative Euler characteristic and contain no
cycles of specified lengths. Some of these bounds are used in Theorem B to confirm the List Edge Coloring
Conjecture for such graphs with maximum degree exceeding prescribed thresholds.
c© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
Only simple graphs are considered in this paper unless otherwise stated. We also only consider
graphs G that are 2-cell embedded in surfaces, i.e., each face of G is homeomorphic to an open
disk. In order to exclude trivialities, we make the convention that the number of vertices of such
a graph G is at least three throughout this paper. For such a graph G, we denote its vertex set,
edge set, face set, maximum degree, and minimum degree by V (G), E(G), F(G), ∆(G), and
δ(G), respectively. Set |G| = |V (G)|, ‖G‖ = |E(G)|, and f (G) = |F(G)|. We call |G| and
‖G‖ the order and the size of G. We use dG(x) to denote the degree of a vertex (or face) x of
G. The degree of a face is the length of its boundary walk. We will write d(x) for dG(x) when
no confusion can arise. A vertex (or face) of degree k is called a k-vertex (or k-face). We write
f = [u1u2 · · · un] if u1, u2, . . . , un are the vertices on the boundary of f enumerated clockwise.
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We say that two cycles (or faces) are intersecting or adjacent if they share a common vertex or a
common edge, respectively. The girth of a graph G, denoted as g(G), is the length of a shortest
cycle in G. For i  3, let fi (G) denote the number of i -faces in the embedded graph G. A k-
wheel Wk , k  3, is a plane graph of order k + 1 obtained from a k-cycle x1x2 · · · xkx1 by adding
a new vertex v to the interior of the cycle and joining v to every xi , 1  i  k. The vertex v
is called the center of Wk . A k-fan Fk is the plane graph Wk − x1xk . The center of Wk is now
regarded as the center of Fk . A complete graph on n vertices is denoted by Kn .
A graph G is called edge-k-choosable if, for any given mapping L from E(G) to a set of
possible colors that satisfies |L(e)| = k for every edge e, there exists an edge coloring φ of G
such that φ(e) ∈ L(e) for all edges e, and φ(e′) = φ(e′′) for any two adjacent edges e′ and e′′.
The list chromatic index, also known as the edge choice number, χ ′list(G) of G is the smallest
integer k such that G is edge-k-choosable. Let χ ′(G) denote the ordinary chromatic index of
a graph G. It is straightforward to see that χ ′list(G)  χ ′(G)  ∆(G). The following is the
well-known List Edge Coloring Conjecture.
Conjecture 1. If G is a multigraph, then χ ′list(G) = χ ′(G).
This conjecture has been proved for a few special cases, such as bipartite multigraphs [3],
complete graphs of odd order [4], multicircuits [12], outerplanar graphs [9], series–parallel
graphs [5], and graphs with ∆(G)  12 that are embedded in a surface of nonnegative Euler
characteristic [1]. The reader is referred to [8,10,11,13] for further results about the edge
choosability of planar graphs.
Euler’s formula asserts that the Euler characteristic  of a surface S is equal to |G| − ‖G‖ +
f (G) for any multigraph G that is 2-cell embedded in S [6, p. 85]. The Euclidean plane,
the projective plane, the torus, and the Klein bottle are all the surfaces of nonnegative Euler
characteristic. Suppose that G is a graph that is 2-cell embedded in a surface of nonnegative
Euler characteristic . It is well known that ‖G‖  3(|G| − ), and ‖G‖ = 3(|G| − ) if and
only if G is a triangulation. If the girth of G is at least k, then ‖G‖  k(|G| − )/(k − 2). In
particular, we have ‖G‖  2(|G| − ) when k  4.
We summarize our main results into the following two theorems. The proof of Theorem A
will be divided into several lemmas and theorems in Section 2 and the proof of Theorem B will
be given in Section 3.
Theorem A. Let G be a connected graph that is 2-cell embedded in a surface of nonnegative
Euler characteristic . Then the following statements hold.
(a) If |G|  2 and G contains no intersecting 3-faces, then ‖G‖  136 |G| − 2.
(b) If |G|  2 and G contains no adjacent 3-faces, then ‖G‖  125 (|G| − ).(c) If |G|  2 and G contains neither 4-cycles nor 5-cycles, then ‖G‖  2(|G| − ).
(d) If |G|  2 and G contains no 4-cycles, then ‖G‖  157 (|G| − ).
(e) If |G|  2 + 1 and G contains no 5-cycles, then ‖G‖  125 (|G| − ).
(f) If |G|  2 + 2 and G contains no 6-cycles, then ‖G‖  6325 (|G| − ).
(g) If  = 2 and G contains no 7-cycles, then ‖G‖  13 (8|G| − 11).
Theorem B. Let G be a graph that is 2-cell embedded in a surface of nonnegative Euler
characteristic. Then χ ′list(G) = χ ′(G) = ∆(G) if any one of the following conditions holds.
(a) ∆(G)  7 and G contains neither 4-cycles nor 5-cycles.
(b) ∆(G)  9 and G contains no 4-cycles.
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(c) ∆(G)  9 and G contains no intersecting 3-cycles.
(d) ∆(G)  11 and G contains no adjacent 3-cycles.
(e) ∆(G)  11 and G contains no 5-cycles.
2. Upper bounds for sizes
Theorem 1. Let G be a connected graph that is 2-cell embedded in a surface of nonnegative
Euler characteristic . If |G|  2, then the following statements hold.
(a) If G contains no intersecting 3-faces, then ‖G‖  136 |G| − 2.
(b) If G contains no adjacent 3-faces, then ‖G‖  125 (|G| − ).
(c) If G contains neither 4-cycles nor 5-cycles, then ‖G‖  2(|G| − ).
(d) If G contains no 4-cycles, then ‖G‖  157 (|G| − ).
Proof. (a) Since G contains no intersecting 3-faces, each vertex is incident to at most one 3-face.
Thus |G|  3 f3(G). Using Euler’s formula |G| − ‖G‖ + f (G) = , we get
2‖G‖ =
∞∑
i=3
i fi
 4 f (G) − f3(G)
 4( − |G| + ‖G‖) − 1
3
|G|.
Consequently, ‖G‖  136 |G| − 2.
(b) Since G contains no adjacent 3-faces, we have ‖G‖  3 f3(G). Reasoning as before, we
get
2‖G‖  4( − |G| + ‖G‖) − 1
3
‖G‖,
and hence ‖G‖  125 (|G| − ).
(c) The result follows trivially if (i) G is a path of length 2, or (ii) G is K3 and  = 0 or 1. In
other cases, our assumption implies that G cannot be K3 and it does not contain 4-faces, 5-faces,
or adjacent 3-faces. It follows that
2‖G‖  6 f (G) − 3 f3(G)
 6( − |G| + ‖G‖) − ‖G‖,
and hence ‖G‖  2(|G| − ).
(d) Again, the result holds when (i) or (ii) in the above proof of (c) is satisfied. In other cases,
since G is different from K3 and contains no 4-cycles, G contains neither 4-faces nor adjacent
3-faces. Thus
2‖G‖  5 f (G) − 2 f3(G)
 5( − |G| + ‖G‖) − 2
3
‖G‖,
and hence ‖G‖  157 (|G| − ). 
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Remark. The upper bounds in Theorem 1 are all tight for  = 2 as the following four examples
can testify. The complement H1 of a 6-cycle is a plane graph that contains no intersecting 3-faces
and satisfies |H1| = 6 and ‖H1‖ = 9 = 136 |H1|− 4. The line graph H2 of a cube is a plane graph
that contains no adjacent 3-faces and satisfies |H2| = 12 and ‖H2‖ = 24 = 125 (|H2| − 2).
By identifying a vertex of a complete graph K3 with a vertex of another disjoint K3, a
plane graph H3 is obtained that has neither 4-cycles nor 5-cycles and satisfies |H3| = 5 and
‖H3‖ = 6 = 2|H3| − 4. The line graph H4 of a dodecahedron is a plane graph without 4-cycles
and satisfies |H4| = 30 and ‖H4‖ = 60 = 157 (|H4| − 2).
Let G be a graph that is 2-cell embedded in a surface of nonnegative Euler characteristic.
Following Fijavzˇ et al. [2], a subgraph C of G is called a cluster if it is the union of the boundaries
of a non-empty minimal set of 3-faces in G such that no other 3-face is adjacent to a member of
this set. Actually, each cluster corresponds to a connected component of the subgraph of the dual
graph of G induced by the 3-vertices in the dual graph of G. The idea of a cluster was implicitly
used earlier in Wang and Lih [8]. We use V (C) to denote the set of vertices of the cluster C.
Let t (C) denote the number of 3-faces in a cluster C. An edge of C is called an outer edge if it
belongs to exactly one 3-face in C. The endpoints of outer edges are called outer vertices of C.
Other vertices in V (C) are called inner vertices of C.
A cluster of G has no outer edges if and only if G itself is a triangulation of the underlying
surface. However, if a cluster C has one outer edge, then it has at least three outer edges, and
hence it has at least three outer vertices. We use o(C) to denote the number of outer edges in C.
A face f and a cluster C are said to be adjacent if f does not belong to C, yet f is adjacent to a
member of C. Any face that is adjacent to a cluster cannot be a 3-face. This fact will be frequently
used in the following without further notice. By definition, every 3-face belongs to exactly one
of the clusters of G.
Theorem 2. Let G be a connected graph that is 2-cell embedded in a surface of nonnegative
Euler characteristic . If |G|  2 + 1 and G contains no 5-cycles, then ‖G‖  125 (|G| − ).
Proof. We proceed by induction on |G|. We first show that the result holds for |G| = 2 + 1.
This is trivial when   1. For  = 2, the plane graph G of order 5 has at most nine edges. If
8  ‖G‖  9, then there are precisely three such graphs. (G49, G50, and G51 listed on page 8,
or P12, P13, and P14 listed on page 230 in the atlas [7].) However, a 5-cycle exists in each of
these graphs. It follows that ‖G‖  7 < 125 (|G| − 2).
Now suppose |G|  2 + 2. If G contains a vertex v of degree at most 2, let H = G − v. By
the induction hypothesis, ‖H‖  125 (|H | − ). Since |G| − |H | = 1 and ‖G‖ − ‖H‖  2 < 125 ,
it follows that ‖G‖  125 (|G| − ). Henceforth we assume that δ(G)  3.
Since G contains no 5-cycles, each cluster consists of a 3-face, or two adjacent 3-faces, or a 3-
wheel. It follows that the number of edges in a cluster is 3, 5, or 6, respectively. For i = 1, 2, 3, let
ti denote the number of clusters in G having exactly i 3-faces. Evidently f3(G) = t1 + 2t2 + 3t3.
Let Ei = {e ∈ E(G) | e is on the boundary of an i -face}. Since any two clusters are edge-
disjoint, we have |E3|  3t1 +5t2 +6t3  2(t1 +2t2 +3t3) = 2 f3(G). Since every edge belongs
to the boundaries of at most two 4-faces, we have |E4|  4 f4(G)/2 = 2 f4(G). Moreover, no
3-face is adjacent to a 4-face, for otherwise a 5-cycle or a 2-vertex would be produced. Thus
E3 ∩ E4 = ∅ and ‖G‖  |E3| + |E4|  2 f3(G) + 2 f4(G). Since G contains no 5-cycles, nor
can it contain 5-faces. It follows that
2‖G‖  6 f (G) − 3 f3(G) − 2 f4(G)
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 6 f (G) − 3
2
(2 f3(G) + 2 f4(G))
 6( − |G| + ‖G‖) − 3
2
‖G‖,
and hence, ‖G‖  125 (|G| − ). 
Remark. By identifying a vertex of a complete graph K4 with a vertex of another disjoint K4,
a plane graph H5 is obtained that has no 5-cycles and satisfies |H5| = 7 and ‖H5‖ = 12 =
12
5 (|H5| − 2). Thus the upper bound in Theorem 2 is tight for  = 2.
Lemma 3. Let G be a connected graph that is 2-cell embedded in a surface of nonnegative Euler
characteristic. If G contains no 6-cycles, then the following configurations exhaust all possible
clusters C of G.
C1: a 3-face;
C2: two adjacent 3-faces;
C3: a 3-wheel;
C4: a 4-fan consisting of three 3-faces [vx1x2], [vx2x3], and [vx3x4];
C5: a 4-wheel consisting of four 3-faces [vx1x2], [vx2x3], [vx3x4], and [vx4x1];
C6: a graph obtained by adding an edge x1x3 to the 4-fan defined in C4;
C7: a graph obtained by adding an edge x1x3 to the 4-wheel defined in C5.
Proof. Choose a vertex u of C with the maximum degree, i.e., dC(u) = max{dC(x) | x ∈ V (C)}.
If dC(u) = 2, then C is C1. If dC(u) = 3, then C is either C2 or C3. If dC(u) = 4 and |V (C)| = 5,
then C is one of C4, C5, C6, and C7. Now suppose that dC(u)  4 and |V (C)|  6. There are
at least three 3-faces [ux1x2], [ux2x3], and [ux3x4] incident to u. There exists at least one more
vertex x of C. Then [uxx1], [uxx4], or [xxi xi+1] for some 1  i  3, is a 3-face. In each of these
cases, a 6-cycle can be easily found, which contradicts our assumption. 
Theorem 4. Let G be a connected graph that is 2-cell embedded in a surface of Euler
characteristic   0. If |G|  2 + 2 and G contains no 6-cycles, then
‖G‖  63
25
(|G| − ).
Proof. We proceed by induction on |G|. We first establish the result for 2 + 2  |G|  2 + 3.
When 0    1 and |G|  5, a straightforward computation can show that ‖G‖  ‖K|G|‖ =
1
2 |G|(|G| − 1) < 6325 (|G| − ).
Assume that  = 2. Thus |G|  6. Then G is a plane graph satisfying ‖G‖  3(|G| − 2).
First suppose that |G| = 6, and hence ‖G‖  12. If G contains a cut vertex, then G can have
at most 10 edges. Therefore G is 2-connected if it has 11 or 12 edges. There are precisely seven
such graphs G, i.e., P69 to P75 listed on page 230 in [7]. However, a 6-cycle exists in each of
these graphs. It follows that ‖G‖  10 < 25225 = 6325 (|G| − 2).
Next suppose that |G| = 7, and hence ‖G‖  15. Suppose that ‖G‖  13. If G contains
a vertex u of degree at most 2, then the subgraph G − u is a plane graph of order 6 with
‖G − u‖  ‖G‖ − 2  11. From the above paragraph, we know that G − u, and hence G,
contains a 6-cycle. Thus δ(G)  3. If G contains a cut vertex, then G can have at most 12 edges.
Therefore G is 2-connected if it has 13, 14, or 15 edges. There are precisely 33 such graphs G,
i.e., P599 to P616 and P625 to P639, listed on page 245 in [7]. Again, a 6-cycle exists in each of
these graphs. It follows that ‖G‖  12 < 31525 = 6325 (|G| − 2).
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Now assume that |G|  2 + 4 and |G|  6. If δ(G)  2, we can give a reduction similar
to that in the proof of Theorem 2. If G contains two adjacent 3-vertices u and v, we define
H = G − {u, v}. By the induction hypothesis, ‖H‖  6325 (|H | − ). Since |G| − |H | = 2 and
‖G‖ − ‖H‖ = 5 < 2 · 6325 , it follows that ‖G‖  6325 (|G| − ). From now on, we assume that all
3-vertices are independent in G.
To complete the proof, we suppose to the contrary that ‖G‖ > 6325 (|G|−). Our proof is based
on the discharging method. Since
∑
v∈V (G) d(v) = 2‖G‖ > 12625 (|G| − ), we have
∑
v∈V (G)
(
d(v) − 126
25
)
> −126
25
. (1)
Euler’s formula |G| − ‖G‖ + f (G) =  can be rewritten into the following equivalent form:
∑
v∈V (G)
(
d(v) − 126
25
)
+
∑
f ∈F(G)
(
38
25
d( f ) − 126
25
)
= −126
25
. (2)
Formulas (1) and (2) imply∑ f ∈F(G)( 3825 d( f ) − 12625 ) < 0, or equivalently,∑
f ∈F(G)
(19d( f ) − 63) < 0. (3)
For each face f ∈ F(G), let w( f ) = 19d( f ) − 63 be the initial charge placed on f . Thus
the total charge
∑
f ∈F(G) w( f ) is negative. When we say the charge of a cluster, we mean the
sum of all charges placed on the 3-faces of that cluster. We define only one discharging rule as
follows.
(R) Let f be a face in G of degree at least 4 and C a cluster adjacent to f . The amount of
charge w( f )/d( f ) is transferred from f to C across each outer edge of C that is common to f
and C.
Suppose that x is a cluster or a face of degree at least 4. Let w′(x) denote the new charge on x
once the discharging procedure is finished according to (R). We will show that w′(x)  0. This
implies that∑
f ∈F(G)
w( f ) =
∑
f ∈F(G)
w′( f )  0,
which contradicts (3). Hence the presumed counterexample G could not exist and our theorem
will be established.
If f is a face with d( f )  4, then w( f ) = 19d( f ) − 63  13, and hence w′( f )  0 by (R).
If f is a 3-face, then w( f ) = −6 and f belongs to exactly one cluster. Let β(C) denote the total
charge transferred into a cluster C across each of its outer edges according to (R). It suffices to
show that w′(C) = ∑ f ∈C w′( f ) = β(C) +∑ f ∈C w( f ) = β(C) − 6t (C)  0, or equivalently
β(C)  6t (C). Across each outer edge of C, the amount of charge w( f )/d( f ) = 19 − 63/d( f )
is transferred from a corresponding face f into C. In particular, this amount is 134 if d( f ) = 4,
32
5 if d( f ) = 5, 516 if d( f ) = 6, and at least 10 if d( f )  7. According to Lemma 3, C is one of
the following seven types of clusters.
If C is C1, then t (C) = 1 and o(C) = 3 since we are assuming that G has at least six vertices,
so C = G. Now C receives at least 134 across each of its outer edges from adjacent faces. Thus
β(C)  3 × 134 > 6t (C).
If C is C2, then t (C) = 2 and o(C) = 4. Thus β(C)  4 × 134 > 6t (C).
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Fig. 1. All possible clusters C with o(C) < t (C).
If C is C3, then t (C) = o(C) = 3. We know that C = G because |G|  6. Since all 3-vertices
are independent and the center of C3 is a 3-vertex, every outer vertex of C is of degree at least 4
in G. If C is adjacent to a 4-face, then a 6-cycle would be easily found. Thus every face adjacent
to C is of degree at least 5. It follows that β(C)  3 × 325 > 6t (C).
If C is C4, then t (C) = 3 and o(C) = 5. Since δ(G)  3 and 3-vertices are independent, it
follows that dG(x1) and dG(x4) are at least 3, and dG(x2) or dG(x3) is at least 4. If any 4-face is
adjacent to C, then a 6-cycle would be produced. Hence β(C)  5 × 345 > 6t (C).
If C is C5 or C6, then t (C) = o(C) = 4. Again, each face adjacent to C is of degree at least 5.
This implies that β(C)  4 × 345 > 6t (C).
Finally, if C is C7, then t (C) = 5 and o(C) = 3. Again, C = G because |G|  6.
In order to exclude 6-cycles, any face adjacent to C must be of degree at least 7. Hence
β(C)  3 × 10 = 6t (C). 
Lemma 5. Let G be a plane graph containing no 7-cycles. Suppose that C is a cluster in G such
that o(C) < t (C). Then C must be one of the configurations depicted in Fig. 1.
Proof. Choose a vertex u of C with the maximum degree, i.e., dC(u) = max{dC(x) | x ∈ V (C)}.
If dC(u)  6, then C contains a 6-fan centered at u, which contains a 7-cycle. If dC(u) = 5, then
C contains a 5-fan centered at u, and there is a vertex of C adjacent to two adjacent neighbors of
u since o(C) < t (C), so again C contains a 7-cycle. If dC(u) = 4 and |V (C)|  7, then there are
at least two other vertices y and z that are adjacent to some neighbors of u. Let x1, x2, x3, x4 be
the neighbors of u arranged clockwise around u. Since u is of maximum degree in C, only the
following three possibilities can occur. (i) Both [yx1x2] and [zx3x4] are 3-faces in C. (ii) Both
[yx1x2] and [zyx1] are 3-faces in C. (iii) Both [yx3x4] and [zyx4] are 3-faces in C. A 7-cycle can
be easily found in each of the above cases.
Now let us show that all possible clusters with at most five vertices were listed in Lemma 3.
If |V (C)| = 3, then the only possibility is C = C1. If |V (C)| = 4, then C = C2 when o(C) = 4,
and C = C3 when o(C) = 3. Suppose that |V (C)| = 5. The chosen vertex u with the maximum
degree is of degree 4 in C. If u is the center of a 4-wheel, then C = C5 when o(C) = 4, and
C = C7 when o(C) = 3. Suppose that C contains no 4-wheels. It follows that all 4-vertices of C
are outer vertices. Thus C = C4 when o(C) = 5, and C = C6 when o(C) = 4.
Since o(C)  t (C), each cluster C in Lemma 3, except C7, is ruled out. It remains to deal with
the case for |V (C)| = 6. This also implies that dC(u) is equal to 4 or 5.
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If o(C) = 6, then there exists no inner vertex. If o(C) = 5, then there exists only one inner
vertex. In both cases, o(C)  t (C). If all the vertices in V (C) are of degree at most 4 in C,
then we have two possibilities: C = C11 when o(C) = 4, and C = C14 when o(C) = 3. Now
suppose dC(u) = 5. If u is the center of a 5-wheel, then we have two possibilities: C = C12 when
o(C) = 4, and C = C13 when o(C) = 3. Next assume that u is not the center of a 5-wheel; then u
is an outer vertex. If o(C) = 3, then C = C13. If o(C) = 4, then C = C8 when C contains exactly
one 5-vertex, and either C = C9 or C = C10 when C contains two 5-vertices. A check against the
plane graphs listed in the atlas [7] ensures us that we have considered all possible cases. (C7 to
C14 correspond to P14, P70, P69, P71, P73, P72, P74, and P75, respectively.) 
Theorem 6. Let G be a connected plane graph containing no 7-cycles. Then
‖G‖  (8|G| − 11)/3.
Proof. We proceed by induction on |G|. For a plane graph G, we know that ‖G‖  3|G|−6 and
3|G| − 6  (8|G| − 11)/3 when |G|  7. Suppose that |G|  8. We may assume that δ(G)  3
and all 3-vertices are independent, for otherwise the conclusion follows by an argument similar
to what we have used in the proofs to Theorems 2 and 4.
If there is a three-element subset S∗ ⊂ V (G) such that H = G − S∗ satisfies ‖G‖−‖H‖  8,
then we may derive the desired result ‖G‖  ‖H‖ + 8  (8|H | − 11)/3 + 8  (8|G| − 11)/3
from the induction hypothesis. Such a subset S∗ is called a reduction triple. We may assume that
no reduction triple exists.
Now suppose to the contrary that ‖G‖ > (8|G| − 11)/3. Since ∑v∈V (G) d(v) = 2‖G‖ >
16
3 |G| − 223 , it follows that
∑
v∈V (G)
(
d(v) − 16
3
)
> −32
3
. (4)
Euler’s formula |G| − ‖G‖ + f (G) = 2 has the equivalent form
∑
v∈V (G)
(
d(v) − 16
3
)
+
∑
f ∈F(G)
(5
3
d( f ) − 16
3
)
= −32
3
. (5)
Our proof is again based on the discharging method. Parallel to the reasoning used in the proof
to Theorem 4, the total weight
∑
f ∈F(G) w( f ) is negative if the initial weight w( f ) = 5d( f )−16
is placed on each face f . The discharging rule is precisely the same rule (R). Let an outer edge
of a cluster C be shared with an adjacent face f of degree at least 4. The amount of charge
5−16/d( f ) is transferred from f to C across this edge. In particular, this amount is 1 if d( f ) = 4,
9
5 if d( f ) = 5, and at least 73 if d( f )  6.
Let w′(x) denote the new total charge on a cluster x or a face x of degree at least 4 once the
discharging procedure is complete. It suffices to show that w′(x)  0 to derive a contradiction.
If f is a face with d( f )  4, then w( f ) = 5d( f ) − 16 > 0, and hence w′( f )  0 by
(R). If d( f ) = 3, then w( f ) = −1. Let β(C) be the total charge transferred into a cluster
C across its outer edges from all adjacent faces according to (R). It suffices to show that
w′(C) = β(C) − t (C)  0, or equivalently β(C)  t (C). Since C receives at least charge 1
across each of its outer edges, it follows that β(C)  o(C). Thus, β(C)  t (C) if o(C)  t (C).
Now assume that o(C) < t (C). It is easy to see that C is one of the configurations C7, C8, . . . , C14
in Fig. 1 by Lemma 5.
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Suppose that C is C7. Since there are faces adjacent to C, o(C) = 3 and t (C) = 5. If a 4-face
f shares two outer edges of C, let a be the common vertex of those two edges. It is immediate
that S∗ = {a, u, v} would be a reduction triple. Thus if a 4-face f is adjacent to C, then f shares
exactly one outer edge of C. Suppose f = [xx ′z′z] where x ′, z′ ∈ V (C); then G contains the
7-cycle xx ′z′zuvyx . A similar contradiction can be derived if the only outer edge belonging to
f is either xy or yz. Therefore each of the adjacent faces of C is of degree at least 5, and hence
β(C)  3 × 95 > 5 = t (C).
For each C ∈ {C8, C9, C10, C11, C12}, o(C) = 4 and t (C) = 6 by inspection. If we can prove
that no 4-faces are adjacent to C, then β(C)  4 × 95 > 6 = t (C).
Suppose that C is C8. First we see dG(x)  3 since δ(G)  3. Next, if dG(y) = 4, then
S∗ = {y, v, z} would be a reduction triple. So let dG(y) > 4. Suppose that there exists a 4-face
f adjacent to C. Then f has at most two edges that are outer edges of C. If f abuts C at two
edges, then the common vertex of those edges cannot be x or y since dG(x)  3 and dG(y) > 4.
Suppose f = [xwyw′] with w′ ∈ V (C), then xwzvuyw′x is a 7-cycle of G. If f = [xx ′u′u]
with x ′, u′ ∈ V (C), then xwzvuu′x ′x is a 7-cycle of G. Other permissible adjacencies for f can
be argued analogously to produce contradictions.
If C is C9, then dG(w) > 2. We also have dG(x) > 3, for otherwise S∗ = {x, v, z} would be
a reduction triple. If C is C10, then dG(y) > 3 and dG(z) > 3, for otherwise S∗ = {x, y, v} or
S∗ = {x, v, z} would be a reduction triple. Now it is straightforward to check that no 4-faces can
be adjacent to Ci for i = 9, 10, 11, and 12.
Finally suppose that C is C13 or C14. Since we are assuming that G has at least eight vertices,
we know that o(C) = 3 and t (C) = 7 in these cases. It is straightforward to check that no face of
degree less than 6 can be adjacent to C. Hence β(C)  3 × 73 = t (C). 
3. Applications to edge choosability
The maximum average degree mad(G) of a graph G is the maximum value of 2‖H‖/|H |
among all subgraphs H of G. If a graph G satisfies either of the following two properties, so does
a subgraph H of G. (i) G has no k-cycles for some k ∈ {4, 5, 6, 7}; (ii) G has no intersecting or
adjacent 3-cycles. We remark that H might not inherit property (ii) if we substitute “3-faces” for
“3-cycles” in the statement. The next result follows immediately from Theorems 1, 2 and 4.
Theorem 7. Let G be a graph that is 2-cell embedded in a surface of nonnegative Euler
characteristic. Then the following statements hold.
(a) mad(G)  4 if G has neither 4-cycles nor 5-cycles.
(b) mad(G)  307 if G has no 4-cycles.
(c) mad(G)  133 if G has no intersecting 3-cycles.
(d) mad(G)  245 if G has no adjacent 3-cycles or G has no 5-cycles.
(e) mad(G)  12625 if G has no 6-cycles.
An interesting relationship between the maximum average degree and the list chromatic index
of a graph was established in [1]. For our purpose, we just quote parts of Theorem 7 in their paper.
Theorem 8. Let G be a graph. Then χ ′list(G) = χ ′(G) = ∆(G) if any one of the following
conditions holds.
(a) mad(G)  4 and ∆(G)  7.
(b) mad(G)  174 and ∆(G)  8.
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(c) mad(G)  92 and ∆(G)  9.
(d) mad(G)  194 and ∆(G)  10.
(e) mad(G)  5 and ∆(G)  11.
Theorems 7 and 8 together imply our Theorem B in Section 1.
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